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FIG. 7. Intensity plots of D2
min, the deviation from

affine deformation, for various intervals during two simu-
lations. Figures (a), (b) and (c) show deformation during
one simulation in which the stress has been ramped up
quickly to a value less than the yield stress and then held
constant. Figure (a) shows deformations over the first
10 time units, and figure (b) over the first 30 time units.
Figure (c) shows the same state as in (b), but with D2

min

computed only for deformations that took place during
the preceeding 1 time unit. In Figure (d), the initial sys-
tem and the time interval (10 units) are the same as in
(a), but the stress has been applied in the opposite direc-
tion. The gray scale in these figures has been selected
so that the darkest spots identify molecules for which
|Dmin| ≈ 0.5 aSL.

FIG. 8. Close-up picture of a shear transformation zone
before and after undergoing transformation. Molecules af-
ter transformation are shaded according to their values of
D2

min using the same gray scale as in Figure 7. The di-
rection of the externally applied shear stress is shown by
the arrows. The ovals are included solely as guides for the
eye.

We have found that D2
min is an excellent diagnostic for

identifying local irreversible shear transformations. Fig-
ure 7 contains four different intensity plots of D2

min for a
particular system as it is undergoing plastic deformation.
The stress has been ramped up to |σs| = 0.12 in the time
interval [0,12] and then held constant in an experiment
analogous to that shown in Figure 2. Figure 7(a) shows
D2

min for t = 10, ∆t = 10. It demonstrates that the non-
affine deformations occur as isolated small events. In (b)
we observe the same simulation, but for t = 30, ∆t = 30;
that is, we are looking at a later time, but again we con-
sider rearrangements relative to the inital configuration.
Now it appears that the regions of rearrangement have a
larger scale structure. The pattern seen here looks like
an incipient shear band. However, in (c), where t = 30,
∆t = 1, we again consider this later time but look only
at rearrangements that have occurred in the preceeding
short time interval. The events shown in this figure are
small, demonstrating that the pattern shown in (b) is,
in fact, an aggregation of many local events. Lastly, in
(d), we show an experiment similar in all respects to (a)
except that the sign of the stress has been reversed. As
in (a), t = 10, ∆t = 10, and again we observe small
isolated events. However, these events occur in different
locations, implying a direction dependence of the local
transformation mechanism.

Next we look at these processes in yet more detail.
Figure 8 is a close-up of the molecular configurations in
the lower left-hand part of the largest dark cluster seen
in Figure 7(c), shown just before and just after a shear
transformation. During this event, the cluster of one
large and three small molecules has compressed along
the top-left/bottom-right axis and extended along the
bottom-left/top-right axis. This deformation is consis-
tent with the orientation of the applied shear, which is in
the direction shown by the arrows on the outside of the
figure. Note that this rearrangement takes place without
significantly affecting the relative positions of molecules
in the immediate environment of the transforming region.
This is the type of rearrangement that Spaepen identifies
as a “flow defect.” [20] As mentioned in the introduction,
we shall call these regions “shear transformation zones.”

III. THEORETICAL INTERPRETATION OF THE

MOLECULAR-DYNAMICS EXPERIMENTS

A. Basic Hypotheses

We turn now to our attempts to develop a theoretical
interpretation of the phenomena seen in the simulations.
We shall not insist that our theory reproduce every detail
of these results. In fact, the simulations are not yet com-
plete enough to tell us whether some of our observations
are truly general properties of the model or are artifacts
of the ways in which we have prepared the system and
carried out the numerical experiments. Our strategy will
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At low temperature, the onset of 
plastic deformation in glasses is 
due to the accumulation of 
elementary plastic events , 
consisting of localized in space 
and time atomic rearrangements 
involving only a few tens of atoms, 
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Open questions: !

• How does the elastic response to a ST  build in time? 

• How does inertia affect the response? 

• How is the position of a plastic event influenced by that of its predecessors?



Outline
•Methods!

•Equilibrium response to a ST!

•Propagation of elastic signal and time dependent solution!

•Plastic effects!

•Conclusions
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Replicating a ST 

‣ 2D binary mixture of Lennard-Jones 
particles!

‣ T=0 configuration obtained quenching from 
high T.!

‣ We apply an instantaneous shear 
transformation to a circular region and 
observe the response of the system.         
We set:!
!

‣ Langevin thermostat:!
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‣ Following the ST, the elastic signal propagates in the system; at long times a 
new equilibrium state is achieved. 
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Working out the effects of disorder
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‣ Average over disorder by considering realizations of the ST in different 
positions of the system. 



Equilibrium response: Eshelby theory
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Simulations Theory

The long time equilibrium response averages out to the prediction of the Eshelby inclusion 
problem…
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Associated Green’s tensor (Idema and Liu (2013)):

P = a2µ✏⇤

shear modulus: Poisson ratio:µ2 ⌫2

damping parameter: � = ⌧�1

(Picard et al (2004))

D1, D2: longitudinal and transverse diffusion coefficients
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Large strain: plastic activity
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Indicator of plasticity: deviations from an affine deformation on a local scale;  
locally, around particle i, the minimum over all possible linear deformation tensors of
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20 σ

Very weak plastic effects, localized in the vicinity of the ST. 



Plasticity in presheared systems
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The system is sheared at a rate 10-6 by deforming the box 
dimensions and remapping the particle positions. 
!
Configurations are extracted at random strain values in the 
steady state.
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Plastic correlations

12

0 100 200 300
e(°)

0.2

0.4

0.6

0.8

1

A 2
(e
)

2
10
20
50
100
200
500
1000

Angular dependence of the plastic activity

A2(✓, t) = ↵

Z L/2

0
D2

min(r, ✓, t)dr
Spatial decay of the correlations in the 
flow directions

Asymmetry of the streamwise and crosswise 
lobes, also observed in spatiotemporal 
correlations between plastic events in flowing 
systems (Nicolas et al (2014)).

10 20 30 40 50
r

0

0.2

0.4

0.6

0.8

1

D2 m
in
(r,

t) 
/ D

2 m
in
(¡

,t)

4
10
20
50
100
200
500
1000

Exponential decay, due to the mean-field 
frictional force in the equation of motion (Varnik 
et al (2014)).



Summary
• Despite large fluctuations, the equilibrium response to a ST average 

out to the prediction of Eshelby inclusion problem for a continuum 
elastic medium. 

• We characterize the effect of inertia on the propagation of an elastic 
signal: a crossover from propagative transmission in the case of 
underdamped dynamics to a diffusive transmission for overdamped is 
evidenced.  

• In the overdamped case the full time-dependent elastic response is in 
good agreement with the theoretical predictions. 

• Plastic effects in presheared configurations are in qualitative 
agreement with the observations of plastic correlations in sheared 
glasses.
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