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prediction of the correlation between geometry
and topology
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Disorders in foams

« Dry » foams = far beyond jamming transition ! .
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Motivations

- Mechanical properties of foams :
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Iteration (time)

- Study of biological tissues : some tissues get ordered, some others get disordered during
i B~ development

A : 2D foam (M. Asipauskas).
B : epithelial tissue, Blankenship et al. (2006). credits : J. Kdfer




Metastable states of a 2D foam

1/ Physical constraints (balance of forces)

- Plateau's laws :
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Metastable states of a 2D foam

1/ Physical constraints (balance of forces)

- Plateau's laws :

120%1 120°

120°

_ Laplace‘s law Kij = (Hj — Hi)/V Kij algebraic curvature be.tween.
V cell i and j
pressures

— Ki;j + Kjk+ Kk =0

« curvature sum rule »




Metastable states of a 2D foam

2/ Geometrical and topological constraints (space-filling)
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2/ Geometrical and topological constraints (space-filling)
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Metastable states of a 2D foam

2/ Geometrical and topological constraints (space-filling)

n;
-
- Gauss-Bonnet formula: Z lijhij = 3 (n; — 6)
j=1

N, :  # of sides of bubble i

lij, Ki; . edge length and curvature

- Euler formula: N+ N, — N, =c

NB, Nv, N, : # of bubbles, vertice, and edges

C . Euler-Poincaré characteristic ~ 1

Np>1

note : Plateau + Euler e (1) = 6



Evidence of correlation between geometry (size) and
topology (number of sides)

- monodisperse foams (1 bubble size) tend to be
ordered (crystallisation)
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- monodisperse foams (1 bubble size) tend to be

ordered (crystallisation)
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Evidence of correlation between geometry (size) and

topology (number of sides)
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Topo-geo correlation in a shufled foam
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Topo-geo correlation in a shutfled foam

- -
AA Lo £
p(A) (and so — ) is fixed. o
(4) 2
An,
<n> Z
e : C. Quilliet et al. (2008).
o o— Tends to a stationnary value Quilliet et al. (2008)
Jr ™ . e
LA v (« thermodynamic » equilibrium ?)
-
D.EEJ _ 1,00
stationnary An _ oo (.&A)“
0 T T T T T T T T T 2 Tk J _
a S o 15 20 25 20 3% 40 43 30 Value g {TL} {Ab 4
number of cycles \g
§ 0,10-
: 2
Topological T1 event : W
Stable unstable Stable
."ll‘l'll!'l!l'llll I ""““' m]_!lllll!l‘l.l
: ' ‘ 0o . .
001 010 100 10,00

geometrical disorder




Can we use formalism of statistical

physics to describe a shuffled foam ?
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Ditferent kinds of shuffling
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-Surface Evolver (S. Cox) :




Ditferent kinds of shuffling

—_— - e — —— —

-Experiences (C. Quilliet & S. Ataei Talebi) :

-Surface Evolver (S. Cox) :

system at thermal
equilibrium

-Cellular Potts model (J. Kafer) :
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- Experimental and numerical evidence that
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Model: some restrictions

- Number & areas of bubbles are fixed (no coarsening or coalescence).
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- Shuffling allows to explore phase space and forget initial conditions (ergodic system).



Model: some restrictions

- Number & areas of bubbles are fixed (no coarsening or coalescence).

- Mechanical agitation : slow compared to typical time of T1 event (quasistatic regime).

- Thermal agitation : ~g1" = ~L : bubble fragmentation or nucleation is unlikely.

interface

- Shuffling allows to explore phase space and forget initial conditions (ergodic system).

Postulate : all the accessible states are visited with same probability



Model: Mean Field Approximation

- Consider one specific bubble, of given size A. and side number n.

c—» consists in neglecting the fluctuations of its neighborhood

—> = bubble surrounded by a uniform foam (averaging over other bubble positions)



Model: Mean Field Approximation

- Consider one specific bubble, of given size A. and side number n.

c—» consists in neglecting the fluctuations of its neighborhood

—> = bubble surrounded by a uniform foam (averaging over other bubble positions)

- Assuming homogeneous and isotropic foam, bubbles have regular geometries

regular cells : respect all geometrical, topological, and physical constraints, except Laplace's law



Mean Field Approximation
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depends on A.and n. only

e~ 3.72



Mean Field Approximation

Self-consistency equation:

pressure drop : II; — II; ~ (IL; — IL;){13—n,

7 (n; — 6)

h ’}"g SRV fl@

depends on A.and n. only

e~ 3.72
Np
YY) IL-I)=0 =
i JEN(4) i=1

s nz(nz — 6)

’}/g (GAV Az
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Mean Field Approximation

7w (n; —6)
~ 3 VA,

pressure drop : II; — II; ~ (IL; — IL;){13—n,

depends on A.and n. only

e~ 3.72

Np
i(n; — 6
Self-consistency equation: S: S: (I; = 1I;) =0 => ’yg n (T/A_ ) =0
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cell curvature of bubblei = K;



Mean Field Approximation

Self-consistency equation: S: S: (I; = 1I;) =0 =>

i FEN (i)

pressure drop : II; — II; ~ (IL; — IL;){13—n,

:> Kitot — E i — O
1

7 (n; — 6)

h '}"g SRV fl@

depends on A.and n. only

e~ 3.72

Np

1=1

s nz(nz — 6)

’}/g (GAV Az

=0

\ - 7

N

cell curvature of bubblei = K;




Mean Field Approximation

Self-consistency equation: S: S: (I; = 1I;) =0 =>

pressure drop :

i FEN (i)

:> Ktot — Z i —

& Euler formula : Z i

Ht' — Hj ~ (Hz — Hj){L}—>n1-

>

7 (n; — 6)

h '}"g SRV fl@

depends on A.and n. only

e~ 3.72

Np

1=1

7 nz(nz — 6)

’}/g (GAV Az

=0

\ - 7

N

cell curvature of bubblei = K;

for a very large foam




Interpretation: collisionnal invariants

Ideal gas 2D foam
collision Tlevent

3

/ / / /
ny +nNg +nNg+nNy =nN1+Ng + N3+ Ny

Pl + Py =D, + D K1+ kS + K5 + Ky = K1 + K2 + K3 + K4

n; ¢ Number of sides of bubble j

Ki = E Kij - Cell curvature of bubble /
J



« Grand-canonical » description

Consider 1 cell of size A. Rest of the foam = reservoir of sides and curvature

===l Probability for a cell with given area A to have n sides :

n(n — 6)

: n) xX exp(—0.283
pa(n) p( =75

+ pn)

5L up™t : effective « temperature » and « chemical potential ».

M. Durand, EPL 90, 60002 (2010).
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« Grand-canonical » description

Consider 1 cell of size A. Rest of the foam = reservoir of sides and curvature

===l Probability for a cell with given area A to have n sides :

n(n — 6)

pa(n) o exp(—0.283 + un)

5L up™t : effective « temperature » and « chemical potential ».

No free parameter : 3 and [t obtained (numerically) by solving :

o (T

M. Durand, EPL 90, 60002 (2010).



At low dispersities: order-disorder transition

e.g. : bidisperse foams —— 2 parameters : o = Nomal — Alarge
Nsmall + Nlamge Asmall
small bubbles large bubbles

below crystallisation threshold : @

above crystallisation threshold : @ @ @ @

M. Durand & al., to appear in PRE.



At low dispersities: order-disorder transition

e.g. : bidisperse foams —— 2 parameters : o = Nomal — Alarge
Nsmall + Nlamge Asmall
small bubbles large bubbles

below crystallisation threshold : @

above crystallisation threshold : @ @ @ @

Ala-r ge ¥ :
size ratio threshold : Te = =|=1 =196
Asmaﬂ J

M. Durand & al., to appear in PRE.



At larger dispersities: analytical approximations




At larger dispersities: analytical approximations

/Analytical approximations : A
1 (AY2Y(A~1/2y —1 —, _ 1.69
B ~5.06 (A1/2> pp " = <A1/2>

—p  related to the width and mean of the size distribution




At larger dispersities: analytical approximations

/Analytical approximations : A
Uk o6 (AY2Y(A~1/2y —1 P 1.69
o (A7) (= i
—p related to the width and mean of the size distribution
- /
. _ _ _ )
Topological-geometrical correlations :
- at the level of individual bubbles : ﬁ(A) =311+ ﬂ
(mean number of sides of a cell of size A) <\/Z>

- at the level of the entire foam :

An\? 1
topology —_—r (ﬁ) = Z <<A1/2><A_1/2> —+ <A> <A1/2>_2 — 2) <«—— geometry
- /
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18

16

14

Topo-geo correlations at the level of individual bubbles :

I I | [ I |
Experiments

Potts model

Surface Evolver (SE1)
Surface Evolver (SE2)
——— Fit

0@ &

| | | 5 |

; A
. -:%ﬂ | m(A) = 4+ L
_ (VA)
I I I | I | | | : : | i
i = 4 A
VA
< A> M. Durand et al., PRL 107, 168304 (2011).



Topo-geo correlations at the level of the entire foam :

0,8

I | I I I | I I I

e e ¢

Experiments

Cellular Potts model
Surface Evolver (SE 1)
Surface Evolver (SE 2)
Analytic expression (Eq. 19)




Conclusions

- topological-geometrical correlations in shuffled foams, independent of the nature of
shuffling (to some extent...)

- Universal relationship between & and D

(n)

- Mean-field theory that neglects correlations between neighours, but keeps
correlations between A and n.

- Prediction of a topological order-disorder transition (not yet observed/studied?)




Thanks |



moderate dispersity
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moderate dispersity (very) large dispersity

030 | ® o @ SE2 data 030 | ° @ SF2 daa
i . - : : I
0.25 | m Numerica  resolution 05 m Numericd resolution
¢ Analytic approximation : ' ¢ Anaytic approximation

0.20 |




Note : short-range correlations between bubbles :

- correlation length ~ few bubble radii  (Durian et al., Science 1991, Duri et al., PRL 2009)

- superposition of the metastable states before
and after a T1 event (F. Elias et al. 1999) :




Note : many other attempts of description of cellular patterns based on statistical
mechanics/maximum entropy arguments:
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Note : many other attempts of description of cellular patterns based on statistical
mechanics/maximum entropy arguments:

See Rivier & coworkers, Fortes & Texeira, Almeida & Iglesias, Sire & Seul, Godreche & al.

BUT, either focused on topological description only, or bubble areas
treated as random variables (subjected to some constraints)

HERE, number and sizes of the bubbles are fixed ( and so is p(A) ).
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